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E-mail address: dominique.leguillon@upmc.frDetermination of the length of a short crack at the root of a v-notch, from a full kinematic ﬁeld measure-
ment, is performed using a direct method. It is based on a matched asymptotic expansions procedure
together with the theory of singularities. The ﬁrst corrective term of the outer expansion can be straight-
forwardly expressed as a function of the crack length. Its extraction is achieved through the calculation of
the associated generalized stress intensity factors for elastic homogeneous materials as well as bimate-
rials. Numerical simulations are carried out on a ﬁnite element solution disturbed by a random noise. In
addition, the method used to compute the generalized stress intensity factors proved accurate and
robust.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
The experiments in fracture mechanics split in two parts, those
leading to a brutal crack initiation and the almost instantaneous ﬁ-
nal rupture of the specimen, and those allowing a stable crack
growth: Brasilian test, compression on a drilled plate, DCB test, fa-
tigue loadings. The ﬁrst group deals mainly with dynamic fracture
and is not considered herein. The second group requires an accu-
rate knowledge of the location of the crack tip under consideration.
In general, direct visual analysis is largely insufﬁcient and one
should make use of optical devices and appropriate analysis to
achieve an accurate determination. One of the most recent of them
is the digital image correlation (DIC) (see the review by Hild and
Roux (2006) and the references quoted there). It rebuilds a 2D dis-
placement ﬁeld on the surface of a sample from the comparison of
two images obtained by a camera. It was originally developed to
identify the elastic properties and further constitutive laws and is
now extended to the characterization of the stress ﬁeld around a
crack tip through the determination of the stress intensity factors
(Réthoré et al., 2008). The measured displacement ﬁeld is decom-
posed onto an enriched ﬁnite element basis including discontinu-
ous and singular functions derived from the Williams’ expansion
around the crack tip (Moës et al., 1999). Then the stress intensity
factors are extracted using an interaction integral. This approach
is obviously limited to pre-existing cracks.
In this study we are more interested in the detection of the on-
set of new cracks especially at the root of v-notches in structures
subjected to fatigue loading. The growth of a pre-existing crack isll rights reserved.then a special case where the notch opening is zero. The method
proposed herein is based on the use of matched asymptotic expan-
sions (Cole and Kevorkian, 1980) where the crack length is the
small parameter, together with the theory of singularities (Leguil-
lon and Sanchez-Palencia, 1987). The leading term of the outer
expansion correspond to the initial state when there is no crack
or no crack extension. Its behavior near the root of the notch in-
volves a singular contribution expressed in terms of power of the
distance to the root. The next term, the ﬁrst correction taking into
account the presence of a short crack, can be straightforwardly ex-
pressed as a function of the crack length and the dual mode to the
already mentioned primary one (the exponents are of opposite
sign). An accurate determination of this term allows extracting
the corresponding crack length. In addition, the method used to
compute the generalized stress intensity factors (Leguillon and
Sanchez-Palencia, 1987; Labossiere and Dunn, 1999) proved accu-
rate and robust. It is based on path independent integrals where
the dual mode plays the role of the extraction function.
The same ingredients (singular and dual modes so-called
‘‘super-singular’’) were used in a similar approach recently
proposed to describe the effects of the shift in the position of a
crack tip and the consequences of the presence of a small process
(plastic) zone (Henninger et al., 2010). But obviously, again only
the case of pre-existing cracks was taken into account.2. Crack at a corner in a homogeneous material
For simplicity, we consider a symmetric situation. The 2D
domain Xl is made of an isotropic homogeneous material.
It embeds a re-entrant v-notch with a short crack with length l
Fig. 1. Schematic view of a tensile test on a v-notched specimen with a short crack at the root of the corner.
Fig. 3. The unperturbed domain X0 and the boundary conditions.
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
C denote respectively the two faces of
the v-notch and the two faces of the crack, they are stress free.Xl is
clamped along CU and prescribed forces (possibly null in some
areas) are acting along CS. The origin O is located at the root of
the notch.
It is a schematic view of usual fracture tests illustrated in Fig. 2.
The actual displacement ﬁeld Ul(x1,x2) depends on the crack
length and is solution to the following in-plane elasticity problem
on the domain Xl (the whole analysis can be treated either under
the assumption of plane strain or plane stress, plane strain is
selected here for the numerical examples)
r  rðUlÞ ¼ 0 in Xl
rðUlÞ ¼ C : rUl in Xl
rðUlÞ  n ¼ 0 along CN and CC
rðUlÞ  n ¼ h along CS
Ul ¼ 0 along CU
8>>>><>>>>:
ð1Þ
Eq. (1)1 is the equilibrium equation, (1)2 the constitutive law, (1)3,
(1)4 are the static boundary conditions (n is the outer normal)
and (1)5 is the kinematic boundary condition. The coefﬁcient C
holds for the stiffness matrix and the symbol r for the gradient
operator.3. Matched asymptotic expansions – The ﬁrst outer term
The actual solution Ul(x1,x2) to the tensile test problem (1) de-
pends on the crack length l. If this latter is small compared to
any other characteristic length of the specimen (the notch depth
in particular), the solution can be expanded in the following way
known as outer expansion
Ulðx1; x2Þ ¼ U0ðx1; x2Þ þ f1ðlÞU1ðx1; x2Þ þ    ð2Þ
The leading term U0(x1,x2) is the solution to the unperturbed prob-
lem corresponding to l = 0, the crack is not visible, the correspond-
ing domain is called X0 (Fig. 3). The set of equations derived from
(1) readsFig. 2. Tensile test, 3 and 4-point bendr  rðU0Þ ¼ 0 in X0
rðU0Þ ¼ C : rU0 in X0
rðU0Þ  n ¼ 0 along CN
rðU0Þ  n ¼ h along CS
U0 ¼ 0 along CU
8>>>><>>>>:
ð3Þ
In this context there is no crack and thus the boundary conditions
on the crack faces disappear.
The next term in (2) is a small correction where f(l)? 0 as l? 0
and where the function U1(x1,x2) is unknown for the moment, it is
also deﬁned on the unperturbed domain X0. It can be found using
matched asymptotic expansions as will be seen further (Section 5).
The behavior of the leading term U0(x1,x2) near the root of the
corner (i.e. as r? 0) is known, based on a Williams’ like expansion
it reads
U0ðx1; x2Þ ¼ U0ð0;0Þ þ krkuðhÞ þ    ð4Þ
Here the Cartesian (x1,x2) and polar (r,h) coordinates are mixed in
the same expression without confusion. The ﬁrst term is an irrele-
vant constant. The next one is so-called singular since the exponent
k is generally smaller than 1. Thus the components of the strain and
stress tensors tend to inﬁnity as r? 0. The exponent is 1/2 for a
crack (x = 0) and 1 for a straight edge (x = 180) and changes con-
tinuously in between (Fig. 4). In case of a corner in an isotropic
homogeneous body, it can be calculated analytically as well as the
associated eigenfunction u(h). Both can be also numerically deter-
mined, we choose this latter approach, which generalizes naturally
to more complex situations involving multiple materials (Leguilloning tests on v-notched specimens.
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Fig. 4. The two ﬁrst exponents of the Williams’ like expansion (4) vs. the opening
x.
Fig. 5. The unbounded domain X1 artiﬁcially bounded at a large distance by the
line C1.
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in (4), is either singular or not depending on the opening (Fig. 4).
In case of a homogeneous isotropic material, the leading singu-
lar mode is symmetric with respect to the bisector and is normal-
ized such that
rhh ¼ 1r1k ð5Þ
where rhh holds for the hoop stress along the bisector. It is unusual
for a crack (x = 0), where it differs by a coefﬁcient 1=
ﬃﬃﬃﬃﬃﬃ
2p
p
from the
classical one, but convenient in the general case x– 0.
The second singular mode is antisymmetric and not activated in
the present symmetric situation (Figs. 1–3).
The generalized stress intensity factor (GSIF) k (MPa m1k) can
be computed using a path independent integral (Sinclair et al.,
1984; Leguillon and Sanchez-Palencia, 1987; Labossiere and Dunn,
1999; Carpinteri et al., 2008)
k ¼ WðU
0ðx1; x2Þ; rkuðhÞÞ
WðrkuðhÞ; rkuðhÞÞ ð6Þ
With
Wðf ; gÞ ¼
Z
U
rðf Þ  m  g  rðgÞ  m  f
 
ds ð7Þ
The integration pathU can be any contour encompassing the corner
root, starting and ﬁnishing on the stress free edges CN of the corner,
m is its normal pointing toward the origin. The integral is path inde-
pendent provided the functions f and g fulﬁll the equilibrium equa-
tion (3)1 and the boundary condition (3)3.
The extraction function rku(h) is the so-called dual mode to
rku(h), both are computed using the same technique. Indeed, con-
sidering the mathematical problem of calculating the exponents,
we see that there are two families of opposite values. Each negative
exponent reﬂects its positive counterpart (the rule is slightly dif-
ferent in 3D). Nevertheless, the corresponding modes u(h) and
u(h) differ except in the particular case of the Laplace operator
(Leguillon and Sanchez-Palencia, 1987). The physical meaning of
the dual mode will be given at the beginning of Section 5.
4. Matched asymptotic expansions – The ﬁrst inner term
For this purpose, let us stretched the initial domainXl by 1/l and
consider the limit as the crack length l? 0. The limit domain X1 is
unbounded (Fig. 5) and spanned by the dimensionless space vari-
ables yi = xi/l(q = r/l). The crack length is now 1 regardless of its
actual value.
The solution Ul(x1,x2) to the initial problem is sought in form of
an expansion as follows (known as inner expansion)Ulðx1; x2Þ ¼ Ulðly1; ly2Þ ¼ F0ðlÞV0ðy1; y2Þ þ F1ðlÞV1ðy1; y2Þ þ    ð8Þ
where F1(l)/F0(l)? 0 as l? 0. The equations and boundary condi-
tions of the initial problem are easily transcribed into equations set-
tled on the domainX1 for the different terms V0(y1,y2), V1(y1,y2), . . .
ry  rðVjÞ ¼ 0 in X1
rðVjÞ ¼ C : ryVj in X1
rðVjÞ  n ¼ 0 along CN ;CC
8>><>: ð9Þ
The symbol ry holds for the gradient operator with respect to the
dimensionless stretched variables yi. However, the behavior at
inﬁnity lacks in the set of Eq. (9). It will be a consequence of the
matching rules. Both expansions (2) and (8) represent the same
solution, thus it must be a common area of validity of the two
expansions. In other words the behavior of the outer terms of (2)
as r ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ x22
q
! 0 (i.e. near the perturbed zone) must match with
the behavior of the inner terms of (8) as q ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
y21 þ y22
q
!1 (i.e.
away of the perturbed zone). The matching conditions give
F0ðlÞ ¼ 1; F1ðlÞ ¼ klk; V0ðy1; y2Þ ¼ U0ð0;0Þ; V1ðy1; y2Þ  qkuðhÞ
ð10Þ
where the symbol  means ‘‘behaves like at inﬁnity’’. This last
condition leads to an ill-posed problem for V1(y1,y2 ) within the
Lax–Milgram framework, the solution has not a ﬁnite energy.
However, the problem can be solved using a superposition principle
V1ðy1; y2Þ ¼ qkuðhÞ þ bV 1ðy1; y2Þ ð11ÞbV 1ðy1; y2Þ is now solution to a well posed problem and decreases to
0 at inﬁnity
ry  rðbV 1Þ ¼ 0 in X1
rðbV 1Þ ¼ C : ryV1 in X1
rðbV 1Þ  n ¼ 0 along CN
rðbV 1Þ  n ¼ rðqkuðhÞÞ  n along CCbV 1ðy1; y2Þ ! 0 as q!1
8>>>>>><>>>>>>:
ð12Þ
To summarize, the inner expansion ﬁnally reads
Ulðx1; x2Þ ¼ Ulðly1; ly2Þ
¼ U0ð0;0Þ þ klk qkuðhÞ þ bV 1ðy1; y2Þ þ    ð13Þ
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To go further and be able to deﬁne the second term of the outer
expansion (2), we need to know more precisely the behavior ofbV 1ðy1; y2Þ at inﬁnity. The theory of singularities and the already
mentioned dual modes provide the answer. The positive exponents
correspond to terms of the expansion of elastic solutions with a ﬁ-
nite energy near the origin, whereas the negative ones are associ-
ated with the expansion of elastic solutions having a ﬁnite energy
in the vicinity of inﬁnity.
More precisely the leading term of the expansion of bV 1ðy1; y2Þ at
inﬁnity can be written
bV 1ðy1; y2Þ ¼ aqkuðhÞ þ    ð14Þ
where a denotes the corresponding GSIF.
The function bV 1ðy1; y2Þ is solution to a problem settled on an
unbounded domain (Section 4). In order to solve it numerically
using the ﬁnite element method (FEM), the domain must be artiﬁ-
cially bounded at a large distance of the dimensionless perturba-
tion (length 1 in the stretched domain), either a Neumann or a
Dirichlet vanishing condition being prescribed along this artiﬁcial
line C1. Then the parameter a can be computed once and for all
for a given perturbation geometry (a crack along the bisector in
the present case)
a ¼
W bV 1ðy1; y2Þ;qkuðhÞ 
W qkuðhÞ;qkuðhÞð Þ ð15Þ
It is a dimensionless parameter. Note that it is now the primal mode
qku(h) which plays the role of the extraction function.
Values are given in Fig. 6, to this aim the dual modes have been
normalized such that
WðqkuðhÞ;qkuðhÞÞ ¼ 1 ð16Þ
The particular case x = 180 must be treated separately, there is no
singularity and the magnitude of the coefﬁcient a is very small com-
pared to the other cases.
To fulﬁll the matching rules, the new term evidenced in (14)
must match with a term of the outer expansion (2). This allows
deﬁning the next term of the outer expansion
Ulðx1; x2Þ ¼ U0ðx1; x2Þ þ kal2k rkuðhÞ þ bU1ðx1; x2Þh iþ    ð17Þ
where bU1ðx1; x2Þ is solution to a well-posed problem since rku(h)
is strongly singular only in the vicinity of the origin and since the
primary (null) boundary conditions are not affected in this area0
2
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Fig. 6. The coefﬁcient a vs. the v-notch opening x. The case x = 180 must be
treated separately.r  rðbU1Þ ¼ 0 in X0
rðbU1Þ ¼ C : rbU1 in X0
rðbU1Þ  n ¼ 0 along CN
rðbU1Þ  n ¼ rðrkuðhÞÞ  n along CSbU1 ¼ rkuðhÞ along CU
8>>>>>>><>>>>>>:
ð18Þ
One can observe symmetry in the identiﬁcation process. Matching
at the inner level involves terms with strongly singular (unbounded
energy) behavior at inﬁnity (qku(h) in (10) and (11)) whereas
matching at the outer level involves terms with strongly singular
behavior near the origin (rku(h) in (17)). Moreover, one can note
that, once again, a superposition principle (see (11)) is used to en-
sure that the outer term is not ill-deﬁned.
The multiplicative factor of the second term in (17) can be iden-
tiﬁed as the GSIF b(l) of the very singular term rku(h)
bðlÞ ¼ kal2k ð19Þ
The function bU1ðx1; x2Þ can itself be expanded like (4)bU1ðx1; x2Þ ¼ bU1ð0;0Þ þ jrkuðhÞ þ    ð20Þ
where j is the associated GSIF
j ¼
W bU1ðx1; x2Þ; rkuðhÞ 
W rkuðhÞ; rkuðhÞð Þ ð21Þ
This suggests an expansion of the apparent GSIF K(l) (MPa m1k) of
the singular term rku(h)
KðlÞ ¼ kð1þ jal2k þ   Þ ð22Þ
This term is called apparent because the singularity does not really
exist since the sharp corner geometry is disturbed by the short
crack.
To conclude this section, a perturbation can be perceived in
the outer expansion, i.e. in the far ﬁeld at a given distance,
through the additional term highlighted in (17). The perturbation
must be small compared to any characteristic length of the struc-
ture but can be any kind, a short crack, a small damage zone, a
small cavity, etc. The only change occurs through the parameter
a.
Remark. The presence of such a strongly singular term may seem
surprising, it should be understood as a representation of the
solution in a geometrically simpliﬁed domain (the crack is not
visible and not represented in X0). A similar phenomenon is
observed with point forces for example. If the contact surface is
very small and neglected, the solution is properly represented by
adding a singular solution in ln (r)(2D) or 1/r (3D).
Another example comes from the crack in a homogeneous med-
ium (k = 0.5) with a small extension of length l. The outer expan-
sion (17) reads
Ulðx1; x2Þ ¼ U0ðx1; x2Þ þ kalU1ðx1; x2Þ þ    ð23Þ
where k is here the classical mode I stress intensity factor. We can
rewrite
Ulðx1; x2Þ  U0ðx1; x2Þ
l
¼ kaU1ðx1; x2Þ þ    ð24Þ
Thus, at the limit, U1 appears to be the derivative of U0 with respect
to the crack length l and necessarily contains very singular terms of
the form r1/2.
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Fig. 8. The coefﬁcient bM vs. l for x = 0, 30, 60, 90, 120, 150 (following the
arrow), the line x = 180 almost coincides with the horizontal axis at this scale.
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Let us denote UM(x1,x2) a representation of the actual displace-
ment ﬁeld Ul(x1,x2) through a measurement procedure. Once
UM(x1,x2) is projected onto a FE mesh, the apparent GSIF KM (22)
can be extracted
KM ¼ W U
Mðx1; x2Þ; rkuðhÞ
 
W rkuðhÞ; rkuðhÞð Þ ð25Þ
As well as the GSIF bM (MPa m1+k) of the strongly singular term
rku(h) encountered in (17)
bM ¼ W U
Mðx1; x2Þ; rkuðhÞ
 
W rkuðhÞ; rkuðhÞð Þ ð26Þ
Combining (22), (25) and the relation bM = kal2k derived from (17),
neglecting l2k compared to 1 (i.e. identifying kand K) lead to
l ¼ b
M
aKM
 !1=2k
ð27Þ7. Numerical results
Results are illustrated on a simpliﬁed geometry which allows
verifying the accuracy of the computed results. The boundary of
the semi-circular domain (radius L, Fig. 7) embeds a corner with
a short crack with length l L at its root.
Special displacements are prescribed on the outer boundary CU
UMðx1; x2Þ ¼ rkuðhÞ ð28Þ
And the FE solution plays the role of the measured full ﬁeld. Com-
putations are carried out for L = 1, E = 1 (Young’s modulus), disre-
garding the units, and m = 0.3 (Poisson’s ratio). The crack length l
is increased from 0 to 0.005 (step 0.17  103) for different open-
ings x = 0, 30, 60, 90, 120, 150 and 180 by unbuttoning the
corresponding nodes on the two faces of the presupposed crack.
As a consequence of (22) and (28)
Kð0Þ ¼ k ¼ 1 ð29Þ
The integrals in (25) are computed along three different paths and
averaged. For l = 0 it is checked that the deviation between these
different paths does not exceed 0.001 making the average rather
useless. Moreover, the deviation of KM from 1 in each opening case
does not exceed 0.001 as well.
Thus, it is a reliable procedure which is also used to compute
the coefﬁcient bM (Eq. (26)). Results are shown in Fig. 8.Fig. 7. The domain Xl with l L.Unlike the calculation of KM, calculation of bM is very sensitive
to disturbances including those generated by the FE mesh. Due
to the unbuttoning procedure, the mesh geometry remains un-
changed as l increases and thus it causes a systematic error allow-
ing a correction procedure based on the fact that theoretically
b(0) = 0 (see (19)). Values plotted in Fig. 8 are the result of the fol-
lowing correction procedure
bM ¼ bcðlÞ  bcð0Þ ð30Þ
where bc holds for the computed values. Anyway, the ratio bc(0)/
bc(0.005) remains small, it starts from 1% for x = 0 and increases
to 8% for x = 180.
Uncertainties on the estimated crack lengths using Eq. (27) re-
main far below 2% of its length except for very small cracks. It is
more likely due to a poor representation of very short cracks. At
the very beginning of the unbuttoning process, one pair of nodes
is unbuttoned so there is only one element on each side of the
crack and so on. This was conﬁrmed using a second mesh in which
the crack length is increased from 0 to 0.001 (step 0.33  104).
The accuracy decreases very slightly with the opening x. This
may be veriﬁed in Fig. 9, plotted for x = 120, where the differ-
ences are not visible to the eye.
Finally, a comparison can be carried out between the computed
values of KM (25) and those resulting of the expansion (22). Once
again the reliability and robustness of the calculation of K(l) is ver-
iﬁed. Indeed, a special attention must be paid to the scale on the
vertical axis in Figs. 10–12. The maximum difference between
the two curves is always less than 2  104.0
0.001
0.002
0.003
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0.005
0 0.001 0.002 0.003 0.004 0.005l
est. l
Fig. 9. The estimated crack length for x = 120: theory (solid line), estimation for
0 6 l 6 0.005 (diamonds), estimation for 0 6 l 6 0.001 (triangles).
0.995
0.996
0.997
0.998
0.999
1
1.001
0 0.001 0.002 0.003 0.004 0.005l
K
Fig. 10. Comparison between the computed values of KM (solid line) and those
resulting of the expansion (22) (dashed line) for x = 0.
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Fig. 11. Comparison between the computed values of KM (solid line) and those
resulting of the expansion (22) (dashed line) for x = 90.
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Fig. 12. Comparison between the computed values of KM (solid line) and those
resulting of the expansion (22) (dashed line) for x = 180.
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Let us suppose that the full ﬁeld measurement introduces a sys-
tematic uniformly distributed random noise gdUM that is superim-
posed on the computed solution UM. The parameter g is the noise
intensity. ‘‘Systematic’’ means that the same random noise is found
for each measurement, i.e. for each crack length in the present case.
As a consequence, this systematic noise induces a shift gdKM of
zero mean on the value of the original parameter KM, withdKM ¼ W dU
Mðx1; x2Þ; rkuðhÞ
 
W rkuðhÞ; rkuðhÞð Þ ð31Þ
The GSIF dKM is computed on three different paths and averaged as
mentioned in a previous section.
Moreover, due to the correction (30) and again to the systematic
nature of the noise, bM remains unchanged (the same random var-
iation applies for bc(0) and bc(l)). Finally, provided gdKM is small
compared to KM, the deviation dl on the parameter l is such that
lþ gdl ’ b
M
aKM
 !1=2k
1 g
2k
dKM
KM
 !
ð32Þ
Thus, the only thing to determine is the value dKM for a given dUM
following (31). Two examples of uncertainty distributions are given
in Fig. 13 for l = 0.005,x = 90 andx = 150, using 1000 realizations
of the random process generating dUM. It is such that the maximum
for gdUM is 1% of the larger prescribed displacement on CU. It
should be noted that this is rather penalizing because the maximum
displacement for the entire solution is reached at this point. Com-
plete results for the different openings are given in Table 1.
Just like full ﬁeld measurements, this identiﬁcation process re-
quires a reference image for which the geometry is well deﬁned
(see Eq. (30)). Herein, it is the initial state without crack (except
for x = 0), but it can be any other intermediate situation. For the
crack case, this method allows to determine the precise location
of the crack tip from an observed position.
It is worth noting that this process also provides a quite robust
method to calculate the GSIF in the general case and the classical
stress intensity factor (SIF) in case of a crack.9. The bimaterial case
The structure is made of two materials perfectly bonded along
the interface C (Fig. 14). The interface is located along the bisector
of the notch but other geometric situations can be considered. The
failure process corresponds to the interface debonding also called
delamination in composite materials. Computations are carried
out with E1 = 1 and E2 = 10, respectively for materials 1 and 2, dis-
regarding once again the units, and m = 0.3 in both materials.
The perfect bonding conditions
sUlt ¼ 0; srt  n ¼ 0 ð33Þ
Must be added to the system of Eq. (1), the brackets st hold for the
discontinuity of a function through the interface. These conditions
also affect in an obvious way (3), (9), (12) and (18).
The situation is not fundamentally different from the previous
one except that the terms of the William’s like expansion (4) do
not split into symmetric and antisymmetric parts. Moreover, three
cases arises (Fig. 15):
– two real modes but the ﬁrst is the only one to be singular if
x > 110,
– two real singular modes if 60 <x < 110,
– a single complex mode if x < 60.
This will be illustrated on the following examples: x = 150
(k1 = 0.688, k2 > 1) for the ﬁrst case, x = 90 (k1 = 0.583,
k2 = 0.838) for the second one and x = 0 (k = 0.5 ± i  0.076) for
the last one. FE computation are carried out as before on a simpli-
ﬁed geometry (Fig. 16) derived from Fig. 7. The complex case will
be treated in a new section.
0 0.2-0.2
0
100
50
0 0.2-0.2
0
100
50
Fig. 13. Distribution of the parameter gdKM for x = 90 (left) and x = 150 (right) using 1000 realizations (homogeneous case).
Table 1
Mean value and standard deviation of the parameter g dKM for l = 0.005.
x 0 30 60 90 120 150 180
< gdKM >  103 0.1 0.4 1 0.0 0.4 0.9 0.1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
hðgdKMÞ2i
q
0.030 0.048 0.036 0.030 0.033 0.030 0.039
0
0.2
0.4
0.6
0.8
1
1.2
1.4
0 30 60 90 120 150 180
ω
λ
Fig. 15. The real (solid line) and imaginary part (dotted line) of the singular
exponents in the bimaterial case.
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Modes are real and then the situation is very similar to the pre-
vious ones. For x = 150 only one mode should be taken into ac-
count since the next one is not singular, and for x = 90 the
second one is neglected. A very slight deviation in the crack length
estimation is only observed for short cracks (Fig. 17), this is mainly
due to a poor representation of very short cracks, as it has already
been mentioned.
However, with a white noise superposed on the solution (see
Section 8), the scattering of the parameter gdKM (Fig. 18) and there-
fore gdl is greater than in the homogeneous case (compare with
Fig. 13). It must be emphasized that the model of noise, described
in Section 8 as quite penalizing, is even more penalizing in the
present case. Indeed, the maximum prescribed displacement used
to deﬁne the maximum perturbation brought by the noise is
reached in the more compliant material whereas the displace-
ments in the stiffer material are smaller (roughly in a ratio not
far from the contrast between Young’s moduli). Thus the ratio sig-
nal-to-noise is signiﬁcantly larger in the stiff material than in the
compliant one which remains at its previous level.Fig. 16. The bimaterial structure Xl.10. The complex case x = 0
This case differs signiﬁcantly from the previous ones. This is
mainly due to the fact that the exponent of the singularity is com-
plex rather than real.Fig. 14. The bimaterial case.
00.001
0.002
0.003
0.004
0.005
0 0.001 0.002 0.003 0.004 0.005l
est. l
Fig. 17. The estimated crack length for x = 150 in the bimaterial case: theory
(solid line), estimation for 0 6 l 6 0.005 (diamonds).
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of a complex number)
U0ðx1; x2Þ ¼ U0ð0;0Þ þ kr1=2þieuðhÞ þ kr1=2ieuðhÞ þ   
¼ U0ð0;0Þ þ 2ReðkÞReðr1=2þieuðhÞÞ
 2ImðkÞImðr1=2þieuðhÞÞ þ    ð34Þ
The coefﬁcient k is a complex SIF and the associated mode u(h) is
complex as well. The imaginary part e of the exponent depends
on the contrast between the adjacent materials. It is analytically
known (Dundurs, 1970) but can be computed as well (Leguillon
and Sanchez-Palencia, 1987).
Normalization (5) is now such that the following relation holds
along the bisector
rhh þ irrh ¼ 1ﬃﬃ
r
p ð35Þ
In case of a crack it differs from the classical one by a multiplicative
coefﬁcient 1=
ﬃﬃﬃﬃﬃﬃ
2p
p
.
The computation of the SIF (6) remains the same, it operates in
the complex case as well as in the real one
k ¼ WðU
0ðx1; x2Þ; r1=2ieuðhÞÞ
Wðr1=2þieuðhÞ; r1=2ieuðhÞÞ ð36Þ
According to (34), two different terms should be considered for the
matching procedure and the inner expansion ﬁnally reads
Ulðx1; x2Þ ¼ Ulðly1; ly2Þ ¼ U0ð0;0Þ þ kl1=2þieðq1=2þieuðhÞ þ bV 1ðy1; y2ÞÞ
þ kl1=2ieðq1=2ieuðhÞ þ bV 1ðy1; y2ÞÞ þ    ð37Þ0 0.2-0.2
0
25
50
Fig. 18. Distribution of the parameter gdKM for x = 90 (left) anwhere bV 1ðy1; y2Þ decreases to 0 at inﬁnity and more precisely be-
haves like qkieu(h), i.e.
Re bV 1ðy1; y2Þ  ¼ aRq1=2ieuðhÞ þ aRq1=2þieuðhÞ þ   
Im bV 1ðy1; y2Þ  ¼ aIq1=2ieuðhÞ þ aIq1=2þieuðhÞ þ   
8><>: ð38Þ
where aR and aI are the corresponding complex GSIF and play the
role of the previous single coefﬁcient a (15)
aR ¼
W Re bV 1ðx1; x2Þ ;q1=2þieuðhÞ 
Wðq1=2ieuðhÞ;q1=2þieuðhÞÞ ;
aI ¼
W Im bV 1ðx1; x2Þ ;q1=2þieuðhÞ 
Wðq1=2ieuðhÞ;q1=2þieuðhÞÞ ð39Þ
They fulﬁll the following relationship aI = iaR (it has been veriﬁed
numerically but remains to be proved rigorously).
Finally, the second term of the outer expansion can be derived
from the matching conditions
Ulðx1; x2Þ ¼ U0ðx1; x2Þ þ 2klaRðr1=2ieuðhÞ þ bUðx1; x2ÞÞ
þ 2klaRðr1=2þieuðhÞ þ bUðx1; x2ÞÞ þ    ð40Þ
Let us now suppose, as before, that we have a full ﬁeld measure-
ment UM(x1,x2) of the actual displacement ﬁeld Ul(x1,x2), then it
comes from (40)
l ¼ b
M
2aKM
ð41Þ
With, as before, but with complex coefﬁcients
KM ¼ WðU
Mðx1; x2Þ; r1=2ieuðhÞÞ
Wðr1=2þieuðhÞ; r1=2ieuðhÞÞ and
bM ¼ WðU
Mðx1; x2Þ; r1=2þieuðhÞÞ
Wðr1=2ieuðhÞ; r1=2þieuðhÞÞ ð42Þ
The relation (41) is obtained neglecting l compared to 1, i.e. identi-
fying k and K (see Section 6) in the expansion obtained from (40)
KðlÞ ¼ kð1þ 2aR jlþ   Þ with j ¼ Wð
bU1ðx1; x2Þ; r1=2ieuðhÞÞ
Wðr1=2þieuðhÞ; r1=2ieuðhÞÞ
ð43Þ
To perform numerical tests, displacements equal respectively to
Re(r1/2+ieu(h)) and Im(r1/2+ieu(h)) are prescribed on the outer bound-
ary CU of the domain Xl (Fig. 16). Then combining the two corre-
sponding complex SIF kR and kI computed for l = 0 leads to
k = kR + ikI = 1 up to the fourth digit. This technique remains robust
even in the complex case. Moreover, using Eq. (41), the error on the
estimated crack length does not exceed 3%.0 0.2-0.2
0
25
50
d x = 150 (right) using 1000 realizations (bimaterial case).
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Fig. 19. Distribution of the parameters gdKM for x = 0, respectively for the homogeneous material (left) and the bimaterial (right) using 1000 realizations.
892 D. Leguillon / International Journal of Solids and Structures 48 (2011) 884–892Fig. 19 shows that in the cracked geometry (x = 0) the compu-
tation of the factor KM for the bimaterial case is not unduly affected
by the presence of a noise compared to the homogeneous case
while for other openings, degradations due to the heterogeneity
of the structure are more visible (Fig. 18).
11. Conclusion and future work
From numerical simulations, the method has proved effective
for both GSIF calculation and crack length determination. The accu-
racy is very high for ﬁnite element computations without noise
and seems to maintain an acceptable level for additional rather
penalizing noises.
Its main interest is to detect short cracks, especially fatigue
cracks which appear difﬁcult to detect early. Among other sources
of interest it may be mentioned that the method can accurately lo-
cate the crack tips to corroborate models of rupture with experi-
mental observations. Of course, it remains now to compare this
technique with experiments.
In this study, the crack direction is supposed to be known, being
either the bisector of the notch in the case of a homogeneous mate-
rial under symmetric loading, or the interface in the case of a bima-
terial. The next step is to consider more complex loads where
symmetric and antisymmetric modes are mixed (Yosibash et al.,
2006). The problem then has two unknowns: the crack lengthand its direction. It requires the determination of two GSIF associ-
ated with singular modes, two GSIF associated with dual modes as
well as the deﬁnition of a mix mode parameter.
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